Abstract. We extend existing results characterizing Weil-Châtelet divisibility of locally trivial torsors over number fields to global fields of positive characteristic. Building on work of González-Avilés and Tan, we characterize when local-global divisibility holds in such contexts, providing examples showing that these results are optimal. We give an example of an elliptic curve over a global field of characteristic 2 containing a rational point which is locally divisible by 8, but is not divisible by 8 as well as examples showing that the analogous local-global principle for divisibility in the Weil-Châtelet group can also fail.
Introduction
Let k be a global field and A/k an abelian variety. The flat cohomology group H 1 (k, A) is called the Weil-Châtelet group. It parameterizes k-torsors under A and contains the Shafarevich-Tate group,
where the product runs over all completions k v of k. It is conjectured that X(k, A) is finite, and in particular that it contains no nontrivial divisible elements. Cassels asked whether the elements of X(k, A) are divisible in the larger group H 1 (k, A) [Cas62a, Problem 1.3]. Closely related to this is the question of whether, for given integers r ≥ 0 and m, the map
is injective. Indeed, a positive answer to Cassels' question follows from the injectivity of these maps for r = 1 and m ≥ 1. In the case that the characteristic p of k does not divide m this has been investigated in [Baš72, Cas62b, Ç S15, Cre13, Cre16, DZ01, DZ04, DZ07, LW, PRV12, PRV14]. In particular, when p ∤ m it is known that the local-global principle for divisibility by m in H r (k, A) holds (i.e., that the map in (1.1) is injective) in all of the following cases:
(1) r ≥ 2 ([Cre16, Theorem 2.1]); (2) A is an elliptic curve, and m is prime ([Cas62b, Lemma 6.1]); (3) A is an elliptic curve over Q and m = ℓ n is a power of a prime ℓ ≥ 5 [Ç S15] [PRV14, Corollary 4] and [LW, Theorem 24] ; (4) A is an elliptic curve over a number field k and m = ℓ n is a power of a sufficiently large prime, depending only on the degree of k [Ç S15, PRV12]. On the other hand, there are examples showing that the local-global principle for divisibility by m in H r (k, A) can fail in the following situations:
(5) r = 0, A is an abelian surface over Q and m = 2 [CF96, p. 61]; (6) r = 0, A is an elliptic curve over Q and m = 2 n with n ≥ 2 [DZ07]; (7) r ∈ {0, 1}, A is an abelian variety over Q and m is any prime number [Cre13] ; 1 (8) r ∈ {0, 1}, A is an elliptic curve over Q and m = 3 n with n ≥ 2 [Cre16] . Moreover, in (7) and (8) the examples given for r = 1 satisfy X(k, A) ⊂ m H 1 (k, A) showing that the answer to Cassels' original question is also no.
In this paper we are interested in these questions when m = p n is a power of the characteristic of k. In this case [GAT12, Proposition 3.5] shows that for an elliptic curve A/k, the local-global principle for divisibility by p n in H r (k, A) holds except possibly if r ∈ {0, 1}, p = 2 and n ≥ 3 (for r ≥ 2 see Lemma 5). Their results imply that the only possible counterexamples must be non-constant elliptic curves with j-invariant in k 8 (see Corollary 10 below). We show that this is sharp and, moreover, that Cassels' question has a negative answer over global fields of positive characteristic. Specifically we prove the following.
Theorem 1 (Proposition 18). There exists a non-isotrivial elliptic curve
Theorem 2 (Proposition 19). There exists a non-isotrivial elliptic curve E over k = F 2 (t) with j(E) ∈ k 8 such that the local-global principle for divisibility by 2 n in E(k) fails for every n ≥ 3.
In Propositions 21 and 22 we give examples of isotrivial elliptic curves over global fields of characteristic 2 for which the local-global principle for divisibility by 8 can fail. Interestingly, such examples do not occur over F 2 (t) (see Proposition 20). . This allows us to construct the examples in Theorems 1 and 2 demonstrating the failure of the localglobal principle for divisibility in H r (k, A). To obtain the stronger result of Theorem 1 that X(k, A) ⊂ 8 H 1 (k, A)) we establish the following characterization of the divisibility of X(k, A) in the Weil-Châtelet group. 
induced by the inclusion of group schemes A * [m] ⊂ A * is orthogonal to T with respect to the Cassels-Tate pairing. In particular, X(k, A) ⊂ m H 1 (k, A) if and only if the image of
The proof of this theorem is given in Section 4. The theorem also holds when m is not divisible by the characteristic; see [Cre13,  Theorem 4] where a proof using the "Weil pairing definition" of the Cassels-Tate pairing from [PS99] is given. To handle the case that m = p n we make use of duality theorems in flat cohomology developed in [Mil86,  Chapter 3] and [GA09] .
Locally trivial torsors and divisibility
The orthogonality condition in Theorem 4 holds trivially if
When this is the case more is true.
Lemma 5. Maintain the notation from Theorem 4. Assume any of the following:
(1) r = 0 and (1) and (2) given below are valid without assumption on the characteristic.
Proof. Recall that m = p n is a power of the characteristic of k. The sequence
is exact on the flat site and gives rise to an exact sequence in flat cohomology,
From this we see that the obstruction to an element of H
. In case (1) the conclusion follows immediately from this observation.
In case (2) the conclusion follows from this observation once one takes into account that there is a perfect pairing
In case (3) the statement holds trivially because H r (k, A)(p) = 0. Indeed for r = 2 this is [GAT12, Lemma 3.3] and for r ≥ 3 this follows from the fact that k has strict pcohomological dimension 2 ([GS06, Prop. 6.1.9 and Prop. 6.1.2]) and the fact that
In light of Theorem 4 and Lemma 5 we are interested in determining the group
. Using results of [GAT12] and a well known argument using Chebotarev's density theorem (e.g., [Ser64, Proposition 8]) this may be reduced to a computation in the cohomology of finite groups. In the case that A[m](k s ) is cyclic, the required computation is a classical one used in the proof of the Grunwald-Wang Theorem. In this way, we obtain the following theorem. 
, unless G is noncyclic and not isomorphic to any of its decomposition groups, in which case
The vertical map on the right is injective by the induction hypothesis, so the vertical map in the middle must be as well.
Proof of Theorem 7. To ease notation, set
The inflation map gives an exact sequence
where G v ⊂ G denotes the decomposition group at the prime v and the product runs over all primes. Since every cyclic subgroup of G occurs as a decomposition group, Theorem 7 follows from the next lemma.
and let M be the G-module isomorphic to Z/p N Z on which G acts in the canonical way.
(1) If G is not cyclic, then p = 2, N ≥ 3 and −1 ∈ G.
(2) H 1 (G, M) = 0 unless p = 2, N ≥ 3 and −1 ∈ G, in which case
Proof. (1) is easy and (2) is a well known computation (c.f. [NSW08, Lemma 9.1.4]). To prove (3) we may assume that −1 ∈ G ′ . Then we can write G = µ 2 × α , and
≥ 2 and α ∈ 1 + 2 s u with s ≥ 2 and u odd. Consider cohomology of the short exact of µ 2 -modules,
where Q is the quotient. Since
We claim that all terms in this sequence have order 2, so i * = 0. Indeed, Q µ 2 ≃ Z/2Z, as Q is cyclic and contains an element of order 2 (since 2 | k). The proof of (2) shows that the inflation map gives an isomorphism Z/2Z ≃ H 1 (µ 2 , M α ) ≃ H 1 (G, M), and similarly for G ′ . Under these isomorphisms, the restriction map
is given by i * which is the zero map.
Corollary 10. Suppose E is an elliptic curve over a global field k of characteristic p. Then the local-global principle for divisibility by p
n holds in H r (k, E) except possibly if r ∈ {0, 1}, p = 2, n ≥ 3, E is a non-constant ordinary elliptic curve and the j-invariant of E is an 8-th power.
Proof. By Lemma 5, the local-global principle for divisibility by p n can only fail for r ∈ {0, 1} and then only when
, then G is not cyclic, by Theorem 7, and p = 2 and 3 ≤ N, by Lemma 9. This implies that E is ordinary, since otherwise N = 0. Finally, if E is constant, then the p n -torsion points are defined over a finite field and G is cyclic, a contradiction.
For supersingular elliptic curves we have the following.
Lemma 11. Suppose E is a supersingular elliptic curve over a global field k of characteristic
Proof. The p-torsion subgroup-scheme of E sits in an exact sequence
where α p is the kernel of F : In the remainder of this section we collect various results that will be used to construct the examples in the following section.
Lemma 13. Suppose E is an elliptic curve over a global field k of characteristic p and that P ∈ E(k) is locally divisible by m = p n , but not globally divisible by m. Then the image of
Proof. The assumption on P implies that its image under the connecting homomorphism
. By Theorem 7 we may assume that m = 2 n and that there is some completion of k such that E(k v ) contains no point of exact order 2 n . Now by way of contradiction suppose P = 2 n Q + T with Q ∈ E(k) and T ∈ E(k) tors . The only nontrivial element of X 1 (k, E[m]) has order 2, so T ∈ E[2]. Since P is locally divisible by 2 n , we can find R ∈ E(k v ) such that P = 2 n R. But then T = 2 n (R − Q) which shows that R − Q is a point of order 2 n+1 in E(k v ) 
Proof. To ease notation, set
where the equality follows from the fact that A is smooth. The image of ξ in H 1 (L, A) is trivial if and only if T (L) = ∅. When this is the case, res L (ξ) = δ(P ) for some P ∈ A(L). Therefore, to prove the proposition it suffices to find a separable extension L/k linearly disjoint from
Note that T is geometrically irreducible, since T ks is isomorphic to A ks . Therefore, T is k-birational to a hypersurface H : f (x 1 , . . . , x s , y) = 0, where [Mil75] , Theorem 8.1. The restriction that p = 2 in [Mil75] can lifted thanks to [Ill79] .
Examples
In this section we give examples of elliptic curve over global fields of characteristic 2 for which the local-global principle for divisibility by powers of 2 fails.
Proposition 18. For the elliptic curve E :
Proof. By Lemma 16 we have that K, the field of definition of the 8-torsion of E is k(u, v), where u 2 + u = t, v 2 + v = (t 2 + 1)/t. Then K/k is separable, Gal(K/k) ≃ Z/2 × Z/2 and all decomposition groups are cyclic, so X 1 (k, E[8]) = 0 by Theorem 7. This curve has analytic rank 0 so, by Theorem 17, E(k) has rank 0, X(k, E) is finite and the Cassels-Tate pairing is nondegenerate. By Lemma 13 we see that the map X 1 (k, E[8]) → X(k, E) is injective, hence nonzero. The result then follows from Theorem 4.
Proposition 19. The elliptic curve E : y 2 + xy = x 3 + t 8 x 2 + 1/t 8 over k = F 2 (t) has Mordell-Weil group E(k) ≃ Z ⊕ Z/2Z generated by the point T = (0, 1/t 4 ) of order 2 and the point P = t 4 + 1 t 2 , t 10 + t 8 + 1 t 4 of infinite order. For every n ≥ 3, the point 2 n−1 P is locally divisible by 2 n , but is not globally divisible by 2 n .
Proof. The field of definition of the 8-torsion of E is k(u, v), u 2 + u = t, v 2 + v = 1/t by Lemma 16. All decomposition groups are cyclic, so X 1 (k, E[8]) ≃ Z/2Z by Theorem 7. The j-invariant of E is t 8 , which is not a 16-th power. So E[2 n ](k s ) = E[8](k s ) and, hence,
, for all n ≥ 3. A 2-descent on E shows that X(k, E)[2] = 0 (alternatively, the analytic rank and algebraic rank are both 1, so the order of X(k, E) can be computed by the Birch and Swinnerton-Dyer conjectural formula by Theorem 17). It follows that the nontrivial element of X 1 (k, E[2 n ]) lies in the image of the injective map δ 2 n : E(k)/2 n E(k) → H 1 (k, E[2 n ]). The point 2 n−1 P represents the unique class of order 2 in E(k)/2 n E(k) that is disjoint from the image of E(k) tors . Hence δ 2 n (2 n−1 P ) is the nontrivial element of X 1 (k, E[2 n ]).
The curves appearing in Propositions 18 and 19 are not isotrivial. The next proposition shows that the local-global principle for 2-divisibility holds for isotrivial elliptic curves over F 2 (t).
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